Signature of entangled eigenstates in the magnetic response of two
  coupled flux qubits by Smirnov, A. Yu.
ar
X
iv
:c
on
d-
m
at
/0
31
26
35
v1
  [
co
nd
-m
at.
me
s-h
all
]  
24
 D
ec
 20
03
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We study dissipative dynamics and a magnetic response of two coupled flux qubits interacting
with a high quality tank in the framework of the impedance measurement technique (IMT). It is
shown that the observation of the difference between a sum of IMT signals from separated qubits
and the signal from the system when both qubits are in the degeneracy point (IMT deficit) implies
immediately a formation of the entangled two-qubit eigenstates.
The impedance measurement technique (IMT)1,2 has proven to be among effective methods for experimental inves-
tigation of flux quantum bits. In the framework of this approach the qubit is inductively coupled to the high quality
tank (LC circuit) that modifies the impedance of the circuit and, therefore, the angle between the tank voltage and
the bias current applied to the tank. This modification is proportional to the second derivative of the qubit’s energy
or to the magnetic suceptibility of the qubit3. The IMT method was succesfully employed for studying the single
flux qubits in equilibrium4,5 and strongly non-equilibrium states6. Recently, the IMT measurements were performed
for the system of two inductively coupled flux qubits7 with independent control of the bias in each qubit. The areas
of the qubits were practically the same. Because of this, it was necessary to apply an additional flux created by a
supplementary wire to change a relative position of the IMT dips on a graph describing a current-voltage dependence
as a function of a common bias produced by the dc component of the current in the tank. Applying the additional
flux allows to bring the IMT dips from the different qubits into coincidence (overlapped regime) as well as to pull
them apart (regime of separated qubits). Effects of interaction and entanglement of the qubits have been observed by
comparing IMT signals from the separated qubits with the response of the two-qubit system when both qubits were
in the degeneracy point. The IMT dip for the system in the overlapped regime is shown to be smaller than the sum
of IMT amplitudes from two separated qubits (IMT deficit) that points to the formation of entangled eigenstates of
two coupled qubits.
Here we present detailed calculations of the magnetic response of the two-qubit system coupled to a dissipative
environment. Besides that we elucidate a relation between the IMT deficit and an entanglement of pure eigenstates
of the system.
We consider two coupled flux qubits interacting with a dissipative environment and with a high-quality LC circuit
(tank). The Hamiltonian of a such system has the form H = H0 +HT +Hint +Hdiss, where the Hamiltonian of the
two-qubit system is
H0 = −∆aσ
(a)
x −∆bσ
(b)
x + ǫaσ
(a)
z + ǫbσ
(b)
z + Jσ
(a)
z σ
(b)
z , (1)
HT is the Hamiltonian of the tank with the current IT , the qubit-tank interaction is given by the term
Hint = −(λaσ
(a)
z + λbσ
(b)
z )IT , (2)
and Hdiss = −σ
(a)
z Qa − σ
(b)
z Qb describes the weak coupling of the qubits to the dissipative baths with variables Qa
and Qb. The IMT signal
3,7,
tanΘ = −2
QT
LT
χ′(ωT ), (3)
is determined by the real part of the magnetic susceptibility of the double-qubit system, χ′(ω), where
χ(ω) =
∫
d(t− t1)e
iω(t−t1)〈
δ(λaσ
(a)
z + λbσ
(b)
z )(t)
δIT (t1)
〉. (4)
In the general case the eigenstate |µ〉, µ = 1, 2, 3, 4, of the Hamiltonian H0 : H0|µ〉 = Eµ|µ〉, can be represented as a
superposition of the double-qubit states in the standard basis
|µ〉 = c1µ|00〉+ c2µ|01〉+ c3µ|10〉+ c4µ|11〉, (5)
where |00〉 = |0〉a ⊗ |0〉b is a direct product of states of the qubits ”a” and ”b” with σ
(a)
z |0〉a = −|0〉a, σ
(a)
z |1〉a = |1〉a,
and so on. The states |µ〉 and |ν〉 are orthonormal: 〈µ|ν〉 = δµν .
2We introduce matrix elements for σ
(a)
z and σ
(b)
z :
uµν = 〈µ|σ
(a)
z |ν〉 = −c
∗
1µc1ν − c
∗
2µc2ν + c
∗
3µc3ν + c
∗
4µc4ν ,
vµν = 〈µ|σ
(b)
z |ν〉 = −c
∗
1µc1ν + c
∗
2µc2ν − c
∗
3µc3ν + c
∗
4µc4ν . (6)
With these notations the matrices σ
(a)
z and σ
(b)
z can be represented as 4 × 4 matrices: σ
(a)
z =
∑
µν uµνρ
(µν), σ
(b)
z =∑
µν vµνρ
(µν), where ρ(µν) = |µ〉〈ν| is the matrix with matrix elements ρ
(µν)
αβ = δαµδβν . This matrix has only one
non-zero (unit) element located on the µν-place. Then, the Hamiltonian H can be represented as
H =
∑
α
Eααρ
(αα) −
∑
αβ
(Qa + λaIT )uαβρ
(αβ) +
∑
αβ
(Qb + λbIT )vαβρ
(αβ). (7)
The matrices ρ(µν) can be considered as Heisenberg operators which obey the equations:
iρ˙(µν) = −ωµνρ
(µν) −
∑
α
(uναQa + vναQb)ρ
(µα) +
∑
α
(uαµQa + vαµQb)ρ
(αν) −
∑
α
(λauνα + λbvνα)IT ρ
(µα) +
∑
α
(λauαµ + λbvαµ)IT ρ
(αν), (8)
with ωµν = Eµ−Eν . For the response of the heat baths on the action of the qubits we obtain from the theory of open
quantum systems3,8
Qa(t) = Q
(0)
a (t) +
∫
dt1{uα′β′ϕaa(t, t1) + vα′β′ϕab(t, t1)}ρ
(α′β′)(t1)},
Qb(t) = Q
(0)
b (t) +
∫
dt1{uα′β′ϕba(t, t1) + vα′β′ϕbb(t, t1)}ρ
(α′β′)(t1)}. (9)
Here Q
(0)
a , Q
(0)
b are unperturbed variables of the heat baths,
ϕaa(t, t1) = 〈i[Q
(0)
a (t), Q
(0)
a (t1)]−〉θ(t− t1) =
∫
dω
2π
e−iω(t−t1)χaa(ω) (10)
is the linear response function and the susceptibility of the ”a” heat bath,
ϕab(t, t1) = 〈i[Q
(0)
a (t), Q
(0)
b (t1)]−〉θ(t− t1) (11)
is a response function describing a cross-correlation between ”a” and ”b” heat baths with the corresponding sus-
ceptibility χab(ω), θ(τ) is the Heaviside step function. We introduce also corresponding correlation functions and
spectra
Maa(t, t1) = 〈(1/2)[Q
(0)
a (t), Q
(0)
a (t1)]+〉 =
∫
dω
2π
e−iω(t−t1)Saa(ω),
Mab(t, t1) = 〈(1/2)[Q
(0)
a (t), Q
(0)
b (t1)]+〉 =
∫
dω
2π
e−iω(t−t1)Sab(ω) (12)
together with combinations
ϕα
′β′
να (t, t1) = 〈i[uναQ
(0)
a (t) + vναQ
(0)
b (t), uα′β′Q
(0)
a (t1) + vα′β′Q
(0)
b (t1)]−〉θ(t− t1),
Mα
′β′
να (t, t1) = 〈(1/2)[uναQ
(0)
a (t) + vναQ
(0)
b (t), uα′β′Q
(0)
a (t1) + vα′β′Q
(0)
b (t1)]+〉. (13)
With these definitions the ”collision” terms in Eq. (8), averaged over the thermodynamically equilibrium state of the
heat baths, take the form
〈(1/2)[uναQa(t) + vναQb(t), ρ
(µα)(t)]+〉 =∫
dt1M˜
α′β′
να (t, t1)〈i[ρ
(µα)(t), ρ(α
′β′)(t1)]−〉+
∫
dt1ϕ
α′β′
να (t, t1)〈(1/2)[ρ
(µα)(t), ρ(α
′β′)(t1)]+〉;
〈(1/2)[uαµQa(t) + vαµQb(t), ρ
αν(t)]+〉 =∫
dt1M˜
α′β′
αµ (t, t1)〈i[ρ
(αν)(t), ρ(α
′β′)(t1)]−〉+
∫
dt1ϕ
α′β′
αµ (t, t1)〈(1/2)[ρ
(αν)(t), ρ(α
′β′)(t1)]+〉, (14)
3where M˜(τ) =M(τ)θ(τ). In the case of weak interactions between the qubits and the baths we can use a free evolution
of the matrices ρ(µα)(t) = eiωµα(t−t1)ρ(µα)(t1) and ρ
(αν)(t) = eiωαν(t−t1)ρ(αν)(t1) to calculate (anti)commutators in
the collision terms (14) using the relations:
[ρ(µα)(t1), ρ
(α′β′)(t1)]± = δα′αρ
(µβ′)(t1)± δβ′µρ
(α′α)(t1)
[ρ(αν)(t1), ρ
(α′β′)(t1)]± = δα′νρ
(αβ′)(t1)± δβ′αρ
(α′ν)(t1),
where the all Heisenberg matrices are taken at the same moment of time t1. As a result we obtain the following
equation for the averaged operators 〈ρ(µν)〉 (we consider thereafter the evolution of the averaged variables only, and,
because of this, omit the brackets 〈..〉):
ρ˙(µν) = iωµνρ
(µν) + i
∑
α
[
(λauνα + λbvνα)ρ
(µα) − (λauαµ + λbvαµ)ρ
(αν)
]
IT −
∑
αβ
∫
dt1
(
M˜ −
i
2
ϕ
)αβ
να
(t− t1)e
iωµα(t−t1)ρ(µβ)(t1) +
∑
αβ
∫
dt1
(
M˜ +
i
2
ϕ
)βµ
να
(t− t1)e
iωµα(t−t1)ρ(βα)(t1) +
∑
αβ
∫
dt1
(
M˜ −
i
2
ϕ
)νβ
αµ
(t− t1)e
iωαν(t−t1)ρ(αβ)(t1)−
∑
αβ
∫
dt1
(
M˜ +
i
2
ϕ
)βα
αµ
(t− t1)e
iωαν(t−t1)ρ(βν)(t1), (15)
with (M˜ − i2ϕ)
αβ
να = M˜
αβ
να −
i
2ϕ
αβ
να . In the equilibrium state, when IT = 0, the averaged matrices ρ
(µν) = ρ
(µν)
0 with
µ 6= ν are equal to zero, whereas for the diagonal matrices ρ
(νν)
0 we obtain the equation
∑
α
[(
S˜ +
i
2
χ
)αν
να
(ωνα) +
(
S˜ −
i
2
χ
)να
αν
(ωαν)
]
ρ
(αα)
0 =
ρ
(νν)
0
∑
α
[(
S˜ −
i
2
χ
)αν
να
(ωνα) +
(
S˜ +
i
2
χ
)να
αν
(ωαν)
]
. (16)
For the heat baths with the same parity regarding the time inversion we have: χab(ω) = χba(ω), Sab(ω) = Sba(ω),
where the spectrum Sab(ω) is related to the imaginary part of the corresponding susceptibility χ
′′
ab(ω) according to
the fluctuation-dissipation theorem: Sab = χ
′′
ab(ω) coth(ω/2T ). Here T is the temperature of the heat baths ”a” and
”b”. The same relations take place for Saa(ω) and χ
′′
aa(ω), as well as for Sbb(ω) and χ
′′
bb(ω). In view of the fact that
uαν = u
∗
να, vαν = v
∗
να and with the notation ρ
(νν)
0 ≡ ρν the equation (16) can be rewritten as∑
α
{
ρα
[
coth
(ωνα
2T
)
− 1
]
− ρν
[
coth
(ωνα
2T
)
+ 1
]}
×
{|uνα|
2χ′′aa(ωνα) + |vνα|
2χ′′bb(ωνα) + (uναv
∗
να + vναu
∗
να)χ
′′
ab(ωνα)} = 0. (17)
The solution of this equation is given by the Gibbs distribution: ρν = exp(−Eν/T )/Z, where Z =
∑
α exp(−Eα/T ).
The term, related to the interaction of qubits with the tank’s current IT in Eq.(15), transforms to the form:
i(λauνµ + λbvνµ)(ρµ − ρν)IT . The interaction with the tank drops out from the equation for diagonal elements
ρ(νν), so that 〈δρ(νν)(t)/δIT (t
′)〉 = 0. It means that only non-diagonal elements, ρ(µν), give non-zero contributions to
the susceptibility χ(ω) (4). For the Fourier transform of the functional derivative 〈δρ(µν)(t)/δIT (t
′)〉 we obtain from
Eq. (15):
〈
δρ(µν)
δIT
(ω)〉 = i
λauνµ + λbvνµ
ω + Eµ − Eν + iΓµν(ω)
(ρν − ρµ). (18)
A small frequency shift of the double-qubit system caused by the dissipative environment is omitted here. With a
notation
Λνα(ω) = |uνα|
2χ′′aa(ω) + |vνα|
2χ′′bb(ω) + (uναv
∗
να + vναu
∗
να)χ
′′
ab(ω) (19)
4the frequency-dependent decoherence rate is given by the expression
Γµν(ω) =
∑
α
1
2
[
coth
(
ω + ωµα
2T
)
+ 1
]
Λνα(ω + ωµα) +
∑
α
1
2
[
coth
(
ω + ωαν
2T
)
− 1
]
Λµα(ω + ωαν). (20)
Because of the frequency dependence of Γµν(ω) the dissipative evolution of the averaged elements, 〈ρ
(µν)(t)〉, is
governed by the decoherence rate, Γµν(Eν − Eµ), which differs from the decoherence rate Γµν(ωT ) incorporatED
into the low-frequency susceptibility χ(ωT ) (4) of the coupled qubits. Taking into account the relations σ
(a)
z =∑
µν uµνρ
(µν), σ
(b)
z =
∑
µν vµνρ
(µν), for the magnetic susceptibility we find the equation
χ(ω) =
∑
µ6=ν
(λauµν + λbvµν)〈
δρ(µν)
δIT
(ω)〉 =
∑
µ6=ν
ρν − ρµ
ω + Eµ − Eν + iΓµν(ω)
(λauµν + λbvµν)(λauνµ + λbvνµ). (21)
If we recall that uµν and vµν are the matrix elements of the σ
(a)
z and σ
(b)
z (6) between the eigenstates |µ〉 and |ν〉 of
the Hamiltonian H0 (1) and neglect the resonant frequency of the tank compared to the energy differences between
the qubit’s levels, ωT ≪ Eν − Eµ, then the current-voltage angle in the tank (3) is given by the expression
tanΘ = −4
QT
LT
∑
µ<ν
ρµ − ρν
Eν − Eµ
Rµν , (22)
where
Rµν = λ
2
a〈µ|σ
(a)
z |ν〉〈ν|σ
(a)
z |µ〉+ λ
2
b〈µ|σ
(b)
z |ν〉〈ν|σ
(b)
z |µ〉
+λaλb〈µ|σ
(a)
z |ν〉〈ν|σ
(b)
z |µ〉+ λaλb〈µ|σ
(b)
z |ν〉〈ν|σ
(a)
z |µ〉. (23)
For the weak qubit-bath couplings the decoherence rates, Γµν(ωT ) ≪ Eν − Eµ, drop out of Eq.(22), which describes
the IMT signal.
The first line in Eq. (23) corresponds to the contribution of individual qubits to the IMT signal. It is clear that this
contribution survives even when the eigenstates |µ〉, |ν〉 are products of single-qubits states. The terms in the second
line of Eq. (23) are related to the simultaneous flipping of both qubits. This term vanishes when all eigenstates of the
two-qubit system are non-entangled. To show that we suppose that the states |µ〉, |ν〉 can be represented as products
of the wave fuctions related to the qubits ”a” and ”b”: |µ〉 = |µ〉a|µ〉b, |ν〉 = |ν〉a|ν〉b. It is the case, for example, for
the separated qubits, when one qubit is in the degeneracy point, but another - far out of degeneracy. The states |µ〉
and |ν〉 are orthonormal, so that for µ 6= ν we have 〈µ|ν〉 = 〈µ|ν〉a〈µ|ν〉b = 0. It means that 〈µ|ν〉a = 0 or 〈µ|ν〉b = 0,
or both. Then the matrix elements 〈µ|σ
(a)
z |ν〉, 〈ν|σ
(b)
z |µ〉 involved in the expression for the IMT deficit7,
(Rµν)def = λaλb{〈µ|σ
(a)
z |ν〉〈ν|σ
(b)
z |µ〉+ 〈µ|σ
(b)
z |ν〉〈ν|σ
(a)
z |µ〉}, (24)
have the form: 〈µ|σ
(a)
z |ν〉 = 〈µ|σ
(a)
z |ν〉a〈µ|ν〉b and 〈ν|σ
(b)
z |µ〉 = 〈ν|µ〉a〈ν|σ
(b)
z |µ〉b. The products of these matrix elements
contain the term 〈µ|ν〉b〈ν|µ〉a which should be equal to zero due to the normalization condition, 〈µ|ν〉a〈µ|ν〉b = 0.
We can conclude, therefore, that non-entangled eignestates of the two-qubit system gives no contribution to the IMT
deficit (Rµν)def . Thus, the observation of non-zero IMT deficit directly points to a formation of entangled eigenstates
in the system of two coupled flux qubits. It should be noted, however, that zero IMT deficit does not mean that all
eigenstates of the system are non-entangled.
In summary we have performed calculations of the magnetic susceptibility and IMT signals for two coupled flux
qubits. We have shown that the observation of non-zero IMT deficit presents a sufficient condition for the existence
of entangled eigenstates in the two-qubit system.
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